A sensitivity analysis for feedforward-controlled finite domain systems is presented. Using an analytical approach, the sensitivity of a controlled system to variations in the design variables of the control inputs and the error sensors is obtained. Since the physical implementation of the control inputs and the error sensors is directly related to the modal control forces and the modal error sensor components, the analysis is performed in the modal domain. This modal domain analysis offers the advantage that the highest computational effort in obtaining the sensitivities is independent of the physical characteristics of the transducers. From the results in the modal domain, the sensitivities of the controlled system with respect to particular physical parameters are obtained by using the chain rule of differentiation. Therefore, different types of transducers can be investigated within a minimum computational cost. The formulation can be easily incorporated into an optimization procedure for the optimal design of feedforward control systems. A numerical example in which the proposed formulation is compared to results obtained using finite differences is included. ¸
INTRODUCTION
In feedfoward control approaches the undesirable response due to a persistent disturbance is reduced by applying control inputs such that some error information is minimized. The control inputs are obtained by "feeding forward" fully coherent information from the disturbing signal through the control compensator. The optimum control inputs are obtained by minimizing a quadratic cost function of the response to be attenuated. • The sum of the mean-square-value signal from an array of sensors on the structure or in the acoustic field are commonly used to obtain the error information to be minimized.
Recent advances in digital signal processing, as well as new actuator and sensor materials, have made possible the implementation of this control approach in real systems in which the excitation signal is stationary, i.e., pure tone, multiple frequencies, and random. At this time, feedforward control approaches have proven to be successful for active noise control (ANC) applications. • It has also been extensively used in active structural acoustic control (ASAC) applications 2-4 where the sound field generated by a vibrating structure is attenuated by applying control inputs directly on the structure. For the control of structural vibration (AVC), it has been successfully applied to reduce bending and extensional waves on infinite or semi-infinite structures. 5 The design of feedforward control systems involves the proper selection of transducer parameters such as location, shape distribution, configuration, and so forth. Previous work has demonstrated that the use of formal optimization approaches during the design process can have a profound impact on the performance of such systems. 6'7 In particular, it was shown that properly located transducers can reduce the dimensionality and complexity of the controller. ? The optimum design variables are obtained by minimizing a function that is, in general, different from the function used to obtain the optimum control inputs. For the sake of clarity, the function used to obtain the optimum design parameters of the control inputs and error sensors will be referred here as the performance function, while the function used to determine optimum control inputs is termed the control cost function. The average mean-square vibration level over the structure and the total radiated power are typical examples of performance functions for vibration and radiation control, respectively.
Optimization algorithms involve the use of sensitivity (gradient) information in its search for an optimum solution.
This task can be easily performed using numerical techniques such as the finite difference method (FDM). The main disadvantage of the FDM is that the number of function evaluations increases significantly making an optimization algorithm inefficient. In addition, it often has accuracy problems. 8,9
In this paper, a formulation is presented to compute the sensitivities of feedforward-controlled systems to variations in the design variables related to the configurations of the control inputs and the error sensors. The formulation is specifically applicable to problems where the response of the system can be expressed as a linear combination of modes, i.e., finite domain systems. When the response is expressed in the modal domain, the physical characteristics of the actuators and sensors are directly related to the modal control forces and modal error sensor components, respectively. Therefore, the formulation is derived in the modal domain.
The sensitivity with respect to the physical design parameters of a particular transducer can be easily obtained by using the chain rule of differentiation. A numerical example where the proposed formulation is compared to the central differences approach of the FDM is included. In the example, the finite difference approximation is computed using a range of different perturbations. From the results, it is shown that the proposed formulation presents an effective method to compute the desired sensitivities, providing the accuracy of an analytical solution with a minimum computational cost.
I. FEEDFORWARD CONTROL
In feedforward control, the response of a system due to an input disturbance F(to) is reduced by applying secondary control inputs Uk(to) as shown in Fig. 1 . As mentioned before, the control inputs are obtained by feeding forward a reference signal fully coherent to the input disturbance into the compensators G(to). The compensators are designed such that the output from the error sensors Es(to ) is minimized. Assuming that the disturbance input is stationary, the analysis can be performed in the frequency domain by taking the Fourier transform of any time-dependent variable.
A. System response
In structural applications the input disturbance can be viewed as a force producing an undesirable response, and the control inputs as forces applied to the structure to minimize that response. Assuming stationarity of both the disturbance and the control forces, the response in the frequency domain 
where ton is the n th natural frequency, fin is the n th modal damping ratio, and j is the imaginary number. Equation (2) assumes the mode shapes are normalized with respect to the mass distribution. Equation ( The performance of a feedforward control system will be a function of the type, size, number, and location of the actuators and sensors. This performance can be maximized by optimizing these transducers parameters using formal optimization algorithms. 6'7 The largest computational effort during the optimization process involves the estimation of the sensitivity of the design variables. In the optimization of feedforward control systems, the design variables are associated to the transducer parameters. Since the control inputs and the error sensors are directly related to the modal control forces and the modal error sensor components, respectively, a sensitivity analysis for these modal parameters is developed here. 
= [ T(6o)]n[ T(6o)], where H implies conjugate transpose. Thus Eq. (7) becomes [A(to)]{U(to)}= -F(to)[T(to)]U{B(to)}. (17) Having the Hermitian matrix [A(to)] instead of matrix [T(to)], that is generally non-Hermitian

Since the design variable Unk appears in only one column of matrix IT(w)], its partial derivatives with respect to
Unk yields a matrix full of zeros except for its kth column. 
Recalling that [A(w)]=[T(w)]•[T(w)
]
Modal error components
The sensitivity analysis, with respect to the second set of modal parameters, the modal error sensor components, is implemented in a similar way as for the modal control 
B. Control effort sensitivity analysis
Another aspect of relevance in the optimum design of feedforward control systems is the control effort, which is a measure of the amount of energy required by the control system. In an optimization scheme, the control effort can be either included in the performance function or as a constraint. The sensitivity of the control effort with respect to the modal parameters can be easily obtained from the results of the previous sections.
In general, the control effort Jk for the kth control input Uk(to) can be defined as only the first three modes (N= 3) are included in the analysis.
This small number of modes is enough to compare the proposed analytical formulations to a CFD approximation. A larger number of modes could be easily included without affecting the performance of the analytical formulation. Table I technique. In the example it was demonstrated that the proposed formulation provides a better solution in terms of accuracy and computing time. Both of these aspects are of major concern when the sensitivities are intended to be used along with formal optimization algorithms.
